In their paper [arXiv:1403.4299v1 ], Frenkel and Warren claim that the Gibbs temperature does not characterize thermal equilibrium correctly. We point out the main logical errors in their argument.
Frenkel and Warren (FW) criticize our paper [1] by making the false claim that the Gibbs temperature does not correctly characterize the thermal equilibrium between two bodies. FW's claim contradicts exact mathematical results, as can be readily seen by considering arbitrary confined classical systems with conserved Hamiltonian H(ζ, A) = E, where ζ = (ζ 1 , . . . , ζ N ) are the canonical coordinates and A = (A µ ) control parameters.
Definitions. We assume that H is bounded from below, min ζ H = 0, and define the microcanonical density operator ρ M (ζ|E, A) = δ(H − E)/ω, the density of states (DOS) ω(E, A) = Tr [δ(E − H)], and the integrated DOS Ω(E, A) = Tr [Θ(E−H)]. Tr abbreviates the phase space integral dζ. Adopting units k B = 1, the Boltzmann entropy S B and the Gibbs entropy S G are given by
with some energy constant ǫ. The canonical density operator is given by ρ C (ζ|T, A) = e −H/T /Tr [e −H/T ] and the Shannon entropy by S S = −Tr [ρ C ln ρ C ]. In our paper [1], we formulated the requirement that a consistent thermostatistical model (ρ, S) must satisfy
where f := Tr [ρf ] for some arbitrary function f (ζ). FW accept (2) as a valid requirement, and a considerable part of their argument builds on this criterion. Rigorous facts. Given the above definitions, the following three statements are mathematically exact results E1: T G satisfies the microcanonical equipartition theorem
for all N ≥ 1, whereas T B does not.
E2: The pair (ρ M , S G ) satisfies the consistency relation (2) for all N ≥ 1, whereas (ρ M , S B ) does not.
E3: The pair (ρ C , S S ) satisfies the consistency relation (2) for all N ≥ 1. Incorrect claims by FW. FW rediscover E3 in the Appendix of their paper [4] , although the validity of E3 was already explicitly mentioned on page 7 in the SI of our paper [1] . Furthermore, FW interpret their finding as evidence against E2. This is logically incorrect, as E2 and E3 are unrelated and hold independently from each other. Taken together, E2 and E3 merely imply that there exist at least two density operators ρ that give rise to consistent thermostatistical models. More importantly, however, the fact that (ρ C , S S ) and (ρ M , S G ) are singled out by the same criterion (2) also means that, if one accepts the Shannon entropy S S as the thermodynamic entropy of the canonical ensemble, then one must also accept the Gibbs entropy S G as the thermodynamic entropy of the microcanonical ensemble.
We next address the main statement by FW, namely that T G derived from S G does not correctly characterize thermal equilibrium between two bodies. E1 immediately invalidates this claim. To demonstrate this in detail, consider two isolated systems 1 and 2 with canonical coordinates z = (z 1 , . . . , z N1 ) and Z = (Z 1 , . . . , Z N2 ) that are brought into thermal contact. Their joint Hamiltonian is given by
with H 12 denoting the interaction part, ζ = (z, Z) nd N = N 1 + N 2 . Assume the systems had energies E 1 and E 2 before coupling. Then their total energy after coupling is E = E 1 + E 2 and their joint microcanonical density operator is ρ 12 ∝ δ(E − H). Considering the weak-coupling limit ε ց 0, E1 ensures that each of the subsystems has the same temperature given by T G ; explicitly,
Note that E1 not just guarantees that T G is the equilibrium temperature -E1 also implies directly that T B does not correctly characterize thermal equilibrium for any finite N [5]. Last but not least, since the rigorous statements (3), E2 and E3 are valid for arbitrary N ≥ 1, they should also remain valid for any sensibly defined thermodynamic limit (TDL). TDLs that violate this basic continuity requirement are unsound [6] .
In summary, FW's criticism of the Gibbs temperature is unjustified [7] and invalid [8] . 
